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We resolve an open problem in commutative algebra and Field
Arithmetic, posed by Jarden. Let R be a generalized Krull domain.
Is the ring RX of formal power series over R a generalized Krull
domain? We show that the answer is negative. Moreover, we show
that essentially the opposite theorem holds. We prove that if R is
a generalized Krull domain which is not a Krull domain, then RX
is never a generalized Krull domain.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Krull domains play an important role in commutative algebra. For example, it is known that the
integral closure of a Noetherian domain is (unfortunately) not necessarily Noetherian. This gives rise
to the question – what can be said of the structure of the integral closure of a Noetherian domain?
The answer is given by the Mori–Nagata integral closure theorem [Mat1, §A.41], stating that it is
a Krull domain.
We recall the deﬁnition [ZaS, §13.VI.13]. An integral domain R is called a Krull domain, if there
exists a family F of discrete rank-1 valuations of K = Quot(R), satisfying the following properties:
(a) For each v ∈ F , the valuation ring Rv of v in K is the localization of R with respect to mv =
{a ∈ R | v(a) > 0}.
(b) The intersection of all valuation rings
⋂
v∈F Rv is R .
(c) For each 0 = a ∈ R , v(a) = 0 for all but ﬁnitely many v ∈F .
Note that every Noetherian integrally closed domain is a Krull domain [Mat2, Theorem 12.4(i)].
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series RX [Mat2, Theorem 12.4(iii)].
In 1981 Weissauer [Ws, §7] introduced the notion of a generalized Krull domain – a domain R
is called a generalized Krull domain [FrJ, §15.4], if it is equipped with a family F of real (= rank-1)
valuations (not necessarily discrete), satisfying the same conditions (a)–(c) above. The importance of
generalized Krull domains in Field Arithmetic and Galois theory lies in Weissauer’s theorem – the quo-
tient ﬁeld of a generalized Krull domain of dimension exceeding 1 is Hilbertian [FrJ, Theorem 15.4.6].
This widely general theorem provides many non-trivial Hilbertian ﬁelds, and has had extensive use in
recent results in Field Arithmetic, concerning Galois theory over quotient ﬁelds of complete domains
(e.g. [Pa,Po]).
If R is a generalized Krull domain, then so is R[X]. However, up until now it was unknown [FrJ,
Problem 15.5.9(a)] if the same holds for RX, as in the discrete case.
It turns out that rings of formal power series behave wildly in the non-discrete case. For example,
if R is a discrete valuation ring (in particular, dim R = 1) then the dimension of RX is 2. However,
if R is rank-1 non-discrete valuation ring – the simplest example of a generalized Krull domain which
is not a Krull domain (in particular, dim R = 1) – the dimension of RX is not 2, but inﬁnite [Arn].
In this paper we show that rings of power series over generalized Krull domains are generally not
generalized Krull domains. In fact, we show that the situation reverses precisely when considering
generalized Krull domains which are not Krull domains, and the opposite theorem holds:
Theorem 1.1. Let R be a generalized Krull domain, then:
(a) If R is a Krull domain, then so is RX.
(b) If R is not a Krull domain, then RX is not a generalized Krull domain.
To prove our result, we exploit the wild behavior of rings of formal power series over non-discrete
valuations rings, to construct elements with strange properties. The model case is the case when R is
a complete rank-1 valuation ring with algebraically closed quotient ﬁeld. This case is not dealt with
separately in this paper, but it provides a good source of intuition so we include it in the introduction
without proving all the details. It is well known that for such R one can construct an element f (X) ∈
RX having inﬁnitely many non-unit roots in R . Actually, any f (X) =∑∞i=0 ai Xi with v(ai) > v(ai+1)
for any i will do. From a rigid geometric point of view, f (X) can be viewed as a function on the open
disc of radius 1 around the origin, and one easily sees that f (X) has inﬁnitely many roots getting
closer and closer to the rim, which yield inﬁnitely many distinct non-invertible linear factors of f (X).
One can use f (X) to prove that RX is not a generalized Krull domain, by showing it must be non-
trivial at inﬁnitely many distinct valuations, each trivial on R and non-trivial at a distinct linear-factor.
Now suppose R is an arbitrary non-discrete rank-1 valuation ring. If we could construct f (X)
with inﬁnitely many roots, then the same argument would show that RX is not a generalized
Krull domain. However, this time an arbitrary f (X) ∈ RX as above has inﬁnitely many roots in the
completion of R , which do not have to lie in R itself. To by-pass this diﬃculty it is natural to construct
f (X) as an inﬁnite product in RX, though it is not easy to control convergence of a general product
of the form
∏∞
i=0(X −ai). Fortunately, it suﬃces for us to discover a single f (X) with inﬁnitely many
roots, so we can use the following trick: take f (X) of the form (1 − a1X)(1 − a2X2)(1 − a3X4)(1 −
a4X8) · · · with v(ai) > 0 subjects to some natural restrictions described in Proposition 2.3.
The case of a general R is dealt with similarly. We take any non-discrete rank-1 valuation w on R
and repeat a similar product construction with a similar control on w(ai) and an integrality condition
on other valuations from a Krull family of valuations. This time, however, we only achieve that all
elements from f (T )R have inﬁnitely many non-invertible linear factors in common, but this has the
same consequences resulting in failure of RX to be a generalized Krull domain.
A consequence of our result is that one cannot apply Weissauer’s theorem to prove that
Quot(RX) is Hilbertian. This remains an open question [FrJ, Problem 15.5.9(b)], and we hope this
work is a step towards its resolution.
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We begin by a lemma that constructs elements with inﬁnitely many roots.
Lemma 2.1. Let K be a ﬁeld, and let KX be the ring of formal power series over K . For each 0 n ∈ Z let αn
be an element of K , and let fn =∏ni=0(1− αi X2i ). Then:
(a) The sequence fn converges X-adically to an element
∑∞
i=0 λi X i ∈ KX, which we denote by f (X) =∏∞
i=0(1− αi X2
i
).
(b) For each i ∈ N satisfying i < 2n, λi is of the form ±∏ j∈I α j , where I ⊆ {0, . . . ,n − 1}.
(c) For each 0  n ∈ Z, let gn(X) = f (X)
(1−αn X2n ) ∈ KX. Then each coeﬃcient of gn(X) is 0 or of the form
±∏ j∈I α j , for some ﬁnite set I ⊆ N.
Proof. The ring KX is X-adically complete, hence it suﬃces to proves that the sequence fn is
Cauchy. Indeed, fn − fn+1 = fn(1− (1−αn+1X2n )) = αn+1X2n fn . Denote by v the X-adic valuation on
KX. Then v( fn − fn+1) 2n , hence fn is Cauchy. This proves (a).
To prove (b), note that for each n ∈ N we have
n−1∏
i=0
(
1− αi X2i
)= ∑
I⊆{0,...,n−1}
(∏
i∈I
−αi
)
X
∑
i∈I 2i .
From this formula one can compute the coeﬃcients of f in terms of the binary expansion of the
exponents. We leave the details for the reader.
Part (c) follows from (b), since each gn(X) is of the same form as f (X) (for αn = 0). 
Lemma 2.2. Let R be a generalized Krull domain, and F a corresponding family of valuations. Then for each
distinct w, v1, . . . , vn ∈ F and M1, . . . ,Mn ∈ R there exists a ∈ R such that w(a) = 0 and vi(a) > Mi for
each 1 i  n.
Proof. It suﬃces to ﬁnd a ∈ R with w(a) = 0 and vi(a) > 0 for each 1 i  n (and then replacing a
with a suﬃciently large power of a, if needed). Denote pi = {b ∈ R | vi(b) > 0} for each 1 i  n and
p = {b ∈ R | w(b) > 0}. The localizations Rp, Rp1 , . . . , Rpn are rank-1 valuations rings of K = Quot(R),
hence they are maximal proper subrings of K . Thus the ideals p,p1, . . . ,pn are minimal non-zero
prime ideals. Since the valuations w, v1, . . . , vn are distinct, the ideals p,p1, . . . ,pn are distinct, and
since they are minimal, none of them is contained in another. In particular, we may choose ai ∈ pi  p
for each 1 i  n. Then a = a1 · · · · · an is the desired element. 
Proposition 2.3. Let R be a generalized Krull domain, and let F be a corresponding family of valuations.
Suppose w ∈F is not discrete. Then there exist non-zero elements b0,b1, c1,b2, c2,b3, c3, . . . ∈ R such that:
(a) w(b0) > 0, and for each i ∈ N, 0 = w(ci) < w(bi) < w(bi−1)i .
(b) f (X) = b0 ·∏∞i=1(1− ( cibi X)2i−1 ) belongs to RX.
(c) For each i ∈ N, b2i−1i f (X) is divisible by bi − ci X in RX.
Proof. Since w is a rank-1 non-discrete valuation of K = Quot(R), it is also non-discrete on R . Indeed,
since the valuation ring of w is the localization of R by p(w) = {x ∈ R | w(x) > 0}, we get that
w(R) = w(Rp(w)) is the positive part of the value group of w . This means that for each 0 <  ∈ R
there exists a ∈ R such that 0 < w(a) <  .
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ﬁnite family of valuations satisfying v( b0b1 ) < 0. By Lemma 2.2 we can choose an element c1 ∈ R such
that w(c1) = 0, and v(c1) > −v( b0b1 ) for each v ∈F1. Then v(
b0c1
b1
) 0 for each v ∈F , hence b0c1b1 ∈ R .
Suppose, by induction, that we have found b1, . . . ,bn, c1, . . . , cn ∈ R such that:
(a) For each I ⊆ {1, . . . ,n}, b0 ·∏i∈I ( cibi )2i−1 ∈ R .
(b) For each 1 i  n, 0 = w(ci) < w(bi) < w(bi−1)i .
We construct bn+1, cn+1 as follows. Choose bn+1 ∈ R such that 0 < w(bn+1) < w(bn)n+1 , and consider
the set
A =
{
b0
b2
n
n+1
·
∏
i∈I
(
ci
bi
)2i−1 ∣∣ I ⊆ {1, . . . ,n}
}
⊆ K .
Then A is ﬁnite, hence there exist ﬁnitely many valuations in F which are negative on some
element of A. Let F ′ be the family of all such valuations. Using Lemma 2.2 choose cn+1 ∈ R such
that w(cn+1) = 0, v(cn+1) > −v(a) for each v ∈ F ′ , a ∈ A. Then for each v ∈ F , a ∈ A, we have
v(c2
n
n+1 ·a) v(cn+1a) 0, hence for each I ⊆ {1, . . . ,n+1} and v ∈F we have v(b0 ·
∏
i∈I (
ci
bi
)2
i−1
) 0,
hence b0 ·∏i∈I ( cibi )2i−1 ∈ R . This completes the induction.
By Lemma 2.1(a) f (X) = b0 · ∏∞i=1(1 − ( cibi X)2i−1 ) is a well-deﬁned element of KX. By
Lemma 2.1(b), all the coeﬃcients of f (X) belong to R , hence f (X) belongs to RX. Fix i ∈ N.
By Lemma 2.1(c) all the coeﬃcients of f (X)/(1− ( ci Xbi )2
i−1
) belong to R . Write f (X) = (1− ( ci Xbi )2
i−1
) ·
g(X), with g(X) ∈ RX. Then b2i−1i · f (X) = (b2
i−1
i − c2
i−1
i X
2i−1 )g(X). Thus b2
i−1
i · f (X) is divisible by
(b2
i−1
i − c2
i−1
i X
2i−1
i ) in RX, hence b
2i−1
i · f (X) is divisible by bi − ci X in RX. Indeed, simply note
that in any ring S and distinct elements s, t ∈ S , sn − tn is divisible by s − t in S for all n ∈ N. 
Lemma 2.4. Let R be a generalized Krull domain and F a corresponding family of valuations. Let w ∈F and
b, c ∈ R satisfy 0 = w(c) < w(b). Suppose RX is a generalized Krull domain and F∗ is a corresponding
family of valuations. Then there exists a valuation v ∈F∗ such that v(b − cX) > v(b) = 0.
Proof. Suppose there is no such valuation. Denote by v1, . . . , vn all the valuations in F∗ which are
non-trivial on b − cX . Then vi(b) > 0 for each 1  i  n. Thus for a suﬃciently large k ∈ N we have
vi(bk) > vi(b− cX) for each 1 i  n. It follows that v( bkb−cX ) 0 for all v ∈F∗ . Hence b
k
b−cX ∈ RX.
Thus all the coeﬃcients of b
k
b−cX = −bk−1
∑∞
j=0( cXb )
j belong to R . In particular, for j = k we have
ck
b ∈ R , hence 0 = w(ck) w(b), a contradiction. 
Theorem 2.5. Let R be a generalized Krull domain. If R is not a Krull domain, then RX is not a generalized
Krull domain.
Proof. Let F be the family of valuations deﬁning R . Since R is not a Krull domain, there exists w ∈F
which is non-discrete. Suppose RX is a generalized Krull domain, and let F∗ be a corresponding
family of valuations. Construct an element f (X) ∈ RX as in Proposition 2.3(b). For each i ∈ N,
denote F∗i = {v ∈ F∗ | v(bi − ci X) > v(bi) = 0}. By Lemma 2.4 each Fi is non-empty. We claim that
F∗f :=
⋃∞
i=1F∗i is inﬁnite.
Indeed, suppose F∗f is ﬁnite. Each F∗i is a subset of F∗f . There are only ﬁnitely many possi-
ble such subsets, and inﬁnitely many i ∈ N. Thus we can ﬁx distinct i < j such that F∗i = F∗j .
For each v ∈ F∗i we have v(bi − ci X) > v(bi) = 0, thus v(1 − cib X) > 0 and v(ci X) = 0 (hencei
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ci
bi
− cib j )X) = v(
ci
bi
− cib j ).
Note that w( cibi ) = −w(bi) < −w(b j) = w(
c j
b j
), hence cibi −
ci
b j
= 0. Thus v is non-trivial on K ,
hence on R . Now, suppose v ∈ F∗ is an arbitrary valuation which is non-trivial on bi − ci X . If
v(bi) > 0 then v is non-trivial on R , and if v(bi) = 0 then v ∈ F∗i and hence is non-trivial on R .
Denote by v1, . . . , vn all valuations in F∗ which are non-trivial on bi − ci X . Then v1, . . . , vn are
non-trivial on R . Choose a1, . . . ,an ∈ R such that vk(ak) > vk(bi − ci X) for all 1  k  n. Then
a = a1 · · · · · an satisﬁes vk(a) > vk(bi − ci X) for all 1  k  n, and for each v ∈ F∗  {v1, . . . , vn}
we have v(a)  0 = v(bi − ci X). Thus − abi
∑∞
k=0(
ci
bi
X)k = abi−ci X ∈ RX. In particular, w(
acki
bk+1i
)  0
for each k  0. But w(bi) > w(ci) = 0, hence for a suﬃciently large k, we have w(acki ) < w(bk+1i ),
a contradiction. Thus F∗f is inﬁnite.
Finally, note that if v ∈ F∗f , then there exists i ∈ N such that v(bi − ci X) > v(bi) = 0, and since
b2
i−1
i f (X) is divisible by bi − ci X by Proposition 2.3(c), we get v( f (X)) = v(b2
−1
i f (X)) > 0. Thus there
exist inﬁnitely many valuations in F∗f ⊆ F∗ which are non-trivial on the non-zero element f (X) of
RX, a contradiction. 
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